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Abstract 

A permanental field, ijj — {ijj(v) : v £ V}, is a particular stochastic 
process indexed by a space of measures on a set S. It is determined by 
a kernel u(x, y), x,y £ S, that need not be symmetric and is allowed to 
be infinite on the diagonal. We show that these fields exist when u(x, y) 
is a potential density of a transient Markov process X in S. 

A permanental field if) can be realized as the limit of a renormalized 
sum of continuous additive functionals determined by a loop soup of X , 
which we carefully construct. A Dynkin type isomorphism theorem is ob- 
tained that relates ip to continuous additive functionals of X (continuous 
in t), L = {L^, {y, ()eVx R+}- It is used to obtain sufficient conditions 
for the joint continuity of L, that is, that L is continuous on V x R + . 
The metric on V is given by a proper norm. 

1 Introduction 

In [16] we use a version of the Dynkin isomorphism theorem to analyze families 
of continuous additive functionals of symmetric Markov processes in terms of 
associated second order Gaussian chaoses that are constructed from Gaussian 
fields with covariance kernels that are the potential densities of the symmetric 
Markov processes. 
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In this paper we define a permanental field, ip = {ip{v),v G V}, a new 
stochastic process indexed by a space of measures V on a set S, that is deter- 
mined by a kernel u(x, y), x,y G S, that need not be symmetric. Permanental 
fields are a generalization of second order Gaussian chaoses. We show that 
these fields exist whenever u(x, y) is the potential density of a transient Markov 
process X. 

We show that ip can be realized as the limit of a renormalized sum of 
continuous additive functionals determined by a loop soup of X. A loop soup 
is a Poisson point process on the path space of X with an intensity measure /i 
called the 'loop measure'. (This is done in Section (2)) We obtain a new Dynkin 
type isomorphism theorem that relates ip to continuous additive functionals 
of X and use it to analyze these functionals. 

Let (f2, J 7 , P) be a probability space, and let S be a locally compact metric 
space with countable base. Let B(S) denote the Borel u-algebra, and let Ai(S) 
be the set of finite signed Radon measures on B (S). 

Definition 1.1 A map ip from a subset V C Ai(S) to T measurable functions 
on Q is called an a-permanental field with kernel u if for all v 6 V , Eip(v) = 
and for all integers n > 2 and v\ , . . . , v n G V 

(n \ ,. n n 

j=l J neV J j=l j=l 

where V' is the set of permutations it of [l,n] such that tt(j) 7^ j for any j, 
and c(ir) is the number of cycles in the permutation tt. 

The concept of permanental fields is motivated by [13] and [21 Chapter 

9]. 

The statement in (jl.ip makes sense when the kernel u is bounded. However 
in this case we can accomplish the goals of this paper using permanental 
processes as we do in [19] . In this paper we are particularly interested in the 
case in which u is infinite on the diagonal. That is why we define the field 
using measures on S rather than points in S, and require that ir(j) 7^ j for 
any j in (jl.ip . (since we allow u(xj,Xj) =00.) 

When u is symmetric, positive definite and a = 1/2, {ip(v) , v G V} is 
given by the Wick square, a particular second order Gaussian chaos defined 
as 

: G 2 : (v) = Jim / (G^ - E dv{x) (1.2) 
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where {G Xt s,x 6 S} is a mean zero Gaussian process with finite covariance 
us(x,y), and lim^o tt<y(a;, 2/) = u(x,y). (See [16] for details.) The results in 
|16j are simpler to achieve than the results in this paper because we have at 
our disposal a wealth of information about second order Gaussian chaoses. 

The definition of a permanental field in (]1.1|) is a generalization of the 
moment formula for permanental processes, introduced in [25]. Let 8 = 
{9 x ,x E S} be an a-permanental process with (finite) kernel u, then for any 
X\ , . . . , x n G S 

I n \ n 

^a*'!]^,^)), (1-3) 

where V is the set of permutations ir of [l,n], and c(ir) is the number of cycles 
in the permutation ir. In this case J (9 X — E(9 X )) dv{x) is a permanental field. 

Eisenbaum and Kaspi, [5] show that an a-permanental process with kernel 
u exists whenever u is the potential density of a transient Markov process X 
in S. (This can also be done using loop soups. See [HI Chapters 2, 4, 5] for 
a study in the discrete symmetric case.) In [19J we give sufficient conditions 
for the continuity of a-permanental processes and use this, together with an 
isomorphism theorem of Eisenbaum and Kaspi, [5] to give sufficient conditions 
for the joint continuity of the local times of X. In this paper we extend these 
results to permanental fields and continuous additive functionals. 

In order that (jl.ip makes sense, we need bounds on multiple integrals of 
the form 

/n n 
Y\u(xj,Xj + \)'Y\_dvj{x i ), x n+ i = xi. (1.4) 
j=l i=l 

We can accomplish this with proper norms. We say that a norm || • || on A4(S) 
is a proper norm with respect to a kernel u if for all n > 2 and u%, . . . , v n in 
M(S) 

„ n n n 

| J JJ«(x j)a ; i+ i) JJ dvj(xi)\ < C^niNI, (1-5) 

j=l i=l j=l 

for some universal constant C < oo. In Section [6] we present several examples 
of proper norms which depend upon various hypotheses about the kernel u. 

The next step in our program is to show that permanental fields exist. 
We do this in Section [2] when the kernel u(x, y) is the potential density of 
a transient Borel right process X in S. (Additional technical conditions are 
given in Section I27T1 ) 
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We denote by 1Z + (X), or 1Z + when X is understood, the set of positive 
bounded Revuz measures v on S that are associated with X. This is explained 
in detail in Section [2. li 

Let || ■ || be a proper norm on A4(S) with respect to the kernel u. Set 

Mtu = {positive v £ M(S) \ \\u\\ < oo}, (1.6) 

and 

Kt„=K + nMtn. (1.7) 
Let .Mil li and TZ\\.\\ denote the set of measures of the form v = v% — v 2 with 
v\, v<i 6 -M^n o r ^|L|| respectively. We often omit saying that both 7£||.|| and 
|| • || depend on the kernel u. 

The following theorem is implied by the results in Section [2) 

Theorem 1.1 Let X be a transient Borel right process with state space S and 
potential density u(x,y), x,y £ S, as described in Section [2A\ and let \\ ■ \\ be 
a proper norm with respect to the kernel u(x,y). Then for a > we can find 
an a-permanental field {^(v), v € with kernel u. 

We say that {ip{v),v G 7^||-||} is the a-permanental field associated with 

X. 

In Section [3] we study the continuity of permanental fields. Although we 
need proper norms to prove the existence of permanental fields, the sufficient 
condition we give for the continuity of permanental fields can be obtained with 
a weaker assumption on the norm. We say that a norm || • || on Ai{S) is a 
weak proper norm with respect to a kernel u, if (|1.5|) holds for each v £ -M||.m, 
(that is, when all the Vj are the same). 

Let {^\){y\v £ V} be a permanental field with kernel u. Let || • || be a 
weak proper norm with respect to u and suppose that V C At|u|. We show 
in Section [3] that 

||^(Ai)-^)||s<C||//-i/|| 1 (1.8) 

where || • ||~ is the norm of the exponential Orlicz space generated by e' x ' — 1. 
This inequality enables us to use the well known majorizing measure sufficient 
condition for the continuity of stochastic processes, (which we state in Section 
[3]), to obtain sufficient conditions for the continuity of permanental fields, 
{^(z/),z/ G V} on (V, || • ||), where || • || denotes the metric ||/u — i^|| in (jl.8p . 

Let Biu\(u,r) denote the closed ball in (V, || • ||) with radius r and center 
v. For any probability measure a on (V, || • ||) let 

f a 1 

Jv,\\-\\A a ) = SU P / lo &—T5 — ? \\ dr - ( L9 ) 
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Theorem 1.2 Let {^(v), u £ V} be an a-permanental field with kernel u and 
let || • || be a weak proper norm for u. Assume that there exists a probability 
measure a onV such that Jy 11.11 a (D) < 00, where D is the diameter ofV with 
respect to \\ ■ \\ and 

limJ Vj ||.| k (5) = 0. (1.10) 

Then ip is uniformly continuous on (V, || • ||) almost surely. 

When the kernel u is symmetric, {ij){v), v £ V} is a second order Gaussian 
chaos and it is well known that we can take 

U-v\\ = (E{^)-i,{v)ffl\ (1.11) 

One of of interests in studying permanental fields is to use them to analyze 
families of continuous additive functionals. We may think of a continuous 
additive functional of the Markov process X = (Q,J r t,X t ,6t,P x ) as 

L v t :=]iml I 8 Vje (X s )dsdu(y) (1.12) 
e ~>° JsJo 

where v is a positive measure on S and S ye is an approximate delta function 
at y 6 S. More precisely, a family A = {At; t > 0} of random variables is 
called a continuous additive functional of X if 

(1) 1 1— > At is almost surely continuous and nondecreasing, with Aq = and 
A t = A{, for all t > (. 

(2) At is Tt measurable. 

(3) A t+S = A t + A s o 9 t for all s, t > a.s. 
(Details on the definition of L\ are given in Section [2l) 

As in [16] we relate permanental fields and continuous additive functionals 
by a Dynkin type isomorphism theorem. In Section [5] we obtain such a the- 
orem relating {L 1 ^} and the associated permanental field {^(v)}. Since the 
construction of ifj in Section [2] explores many properties of {L^}, the further 
derivation of the isomorphism theorem is relatively straightforward. 

In Section [5] we introduce the measure 
Q;(1{ (>s } F s ) = J P X (F S Lt u(X s ,x)) dp(x), for all F s G bT s . (1.13) 
The next theorem is implied by Theorem 14.11 
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Theorem 1.3 Let X be a transient Borel right process with potential densities 
u, as described in Section \2.1l and let \\ ■ \\ be a proper norm for u. Let 
{tp(u),u G TZn . ||} be the associated a-permanental field with kernel u. Then 



where is a random variable that has all moments finite. 

(Here we use the notation F(f(xi)) := F(f(x\),f(x2), ■ ■ ■), and the expec- 
tation of the {L 1 ^} are with respect to Q p ,, and of the {ip(vi)} and {9 P '^} are 
with respect to E.) 

It is easy to show that this isomorphism theorem implies that the continuity 
of {tp(v), v G V} on (V, || • ||), implies the continuity of {L^, v G V} on (V, || • ||)). 
Extending this to the joint continuity of {L v t , (u,t) G V x R + } on (V x R + , \\ ■ 
|| x | • |) is considerably more difficult. We do this in Section [5j 

Additional hypotheses are required to prove joint continuity of {L", (u, t) G 
V x R + } in the most general setting. However, these are satisfied by a simple 
sufficient condition when the Markov process is a transient Levy processes. 
Let S = R d and X be a Levy process killed at the end of an independent 
exponential time, with characteristic function 



and potential density u(x,y) = u{y — x). We refer to k as the characteristic 
exponent of X. 
We assume that 




E Q% (F WW + !&)) = ~E (O** F (V^))) , (1-14) 



Ee 



,iXX t _ e -tK(X) 



(1.15) 



u\\2 < oo and e 



is integrable on R . 



(1.16) 



We say that u is radially regular at infinity if 



where t(|£|) is regularly varying at infinity. Note that 




(1.17) 



HO 



i 



(1.18) 



«(0" 



For a measure v on R d 



we define the measure Vh by 



MA) 



u(A-h). 



(1.19) 
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Theorem 1.4 Let X = {X(t),t G R + } be a Levy process in R d that is killed 
at the end of an independent exponential time, with potential density u(x, y) = 
u(y — x). Assume that i!.16\) holds and u is radially regular. Let v S 1Z + (X) 
and 7 = \u\ * \u\ . If 

/ — — dx < oo, (1-20) 

Ji x 

then {L" x , (x,t) E R d x R + } is continuous P y almost surely for all y G R d . 
In addition 

limsup sup — — 1 < C a.s. (1-21) 



where 



and 



u(S) = <p(S)]ogl/6 + [ 5 ^-du, (1.22) 
Jo u 



\ 1/2 

|2 / i<h2| ,Vrtl2.,/rt Jt , / i-/ t \|2. 



m = w / ieiw)r7(£R+ / \m\Ht)dz ■ a^) 

Example 1.1 

1. If t(|£|) is regularly varying at infinity with index greater than d/2 and 
less than d and 

miiC mSr^ as|{| "°° <L24) 

for some constant C > and any e > 0, then {L" x , (x, t) G R d x R + } is 
continuous P x almost surely. 

2. If 

r(|f|) = for a > and all |£| sufficiently large (1.25) 

and 

im - C Wi^\k^ as ^°° (1-26) 

for some constant C > and any e > 0, then \L v t x , (x,t) £i! 2 x 

is continuous P x almost surely. This extends the result for Brownian 

motion in R? (in which case a = 0) that is given in |16[ Theorem 1.6]. 
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3. If t(|£|) is regularly varying at infinity with index d/2 < a < d and 

WW < d.27) 

where is regularly varying at infinity with index (3 and a + (3 > d, 

then there exists a constant C > 0, such that for almost every t, 

limsup sup -7^— < C a.s. (1-28) 

8^0 \*-v\<s Q{0) log 1/6 

x,y£[0,l] d 

where 

q(S) ~ C (5- d T(l/S)#(l/8)Y as 5-)-0, (1.29) 
is regularly varying at zero with index a + /3 — d. 

4. If cZ = 2 and r(|£|) is as given in (jl.25p and 

\m\ < ^|y, (i.3o) 

where is regularly varying at infinity with index /3 > 0, then there 

exists a constant C > 0, such that for almost every t 

limsup sup — rzr- -77 < C a.s. (1-31) 

<5^0 \x-y\<i Q(0)\ogl/b 

x,ye[0,l] d 

where 

g(5) ~C(^ 2 r(l/5)??(l/5)) _1 (logl/5) 1/2 as 5^0, (1.32) 
is regularly varying at zero with index j3. 

Continuous additive functionals of Levy processes are studied in Section 

m 

2 Markov loops and the existence of permanental 
fields 

So far a permanental field is defined as a process with a certain moment 
structure. In this section we show that a permanental field with kernel u can 
be realized in terms of continuous additive functionals of a Markov process X 
with potential density it. 
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2.1 Continuous additive functionals 



Let S a be locally compact set with a countable base. Let X = (0, J-t,Xt, 9t, P x ) 
be a transient Borel right process with state space S, and jointly measurable 
transition densities Pt(x, y) with respect to some <7-finite measure m on S. We 
assume that the potential densities 



are finite off the diagonal, but allow them to be infinite on the diagonal. We 
also assume that sup^, f£° pt(x,x) dt < oo for each 6 > 0. We do not require 
that Pt(x,y) is symmetric. 

We assume furthermore that < pt(x, y) < oo for all < t < oo and x, y G 
S, and that there exists another right process X in duality with X, relative to 
the measure m, so that its transition probabilities Pt(x, dy) = pt{x, y) m(dy). 
These conditions allow us to use material on bridge measures in [7] in the 
construction of the loop measure in Section 12.21 

Let {At,t G R + } be a positive continuous additive functional of X. The 
O-potential of {A t ,t G R + } is defined to be 



If {At,t G R + } and {Bt, t G R + } are two continuous additive functionals of 
X, with u° A = u° B < oo, then {A t , t G R + } = {B t , t G R + } a.s. (See, e.g., [24| 
Theorem 36.10].) This can also be seen directly by noting that the properties 
of a continuous additive functional given in its definition and the Markov 
property imply that M t = A t — B t is a continuous martingale of bounded 
variation, and consequently is a constant, [23^ IV, (1.2)], which is zero in this 
case because Mq = 0. 

When {A t ,t G R + } is a positive continuous additive functional with 0- 
potential u° A that is the potential of a u-finite measure v, that is when, 



we write At = and refer to v as the Revuz measure of At. 

It follows from |22t V.6] that a cr-finite measure is the Revuz measure of a 
continuous additive functional of a Markov process X with potential density 
u if and only if 




(2.1) 



u° A (x) = E x (A^) . 



(2.2) 




(2.3) 




for each x G S 



(2.4) 
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and v does not charge any semi-polar set. We denote by 1Z + (X), or 1Z + when 
X is understood, the set of positive bounded Revuz measures. We use 1Z 
for the set of measures of the form u = v \ — v 2 with v\ , v% £ TZ + , and we 
write L\ = V^ 1 — L" 2 . The comments above show that this is well defined. 
Throughout this paper we only consider measures in 1Z. 

In this paper we consider norms || • || on A4(S) that are proper or weak 
proper norms with respect to the kernel u(x,y). (We often abbreviate this by 
simply saying that || • || a proper or weak proper, norm.) We set 

Mt, := {positive v £ M(S) \ < 00}, (2.5) 

and 

Kt,, =K + nMt». (2.6) 

We use .Mm. 11, "72.li. 11 for the set of measures of the form v = v\ — v 2 with 
z^l,^2 £ ^itll or respectively. We don't bother to repeat that both 7l\\.\\ 
and || • || depend on the kernel u. 

2.2 The loop measure 

It follows from the assumptions in the first two paragraphs of Section \2. II that, 
as in [7], for all < t < 00 and x,y G S, there exists a finite measure Q x t ,v on 
J-" t -, of total mass pt(x,y), such that 

Qt' V ihos} F s ) = P x (F sPt . s (X s ,y)) , (2.7) 

for all F s G J 7 ^ with s < t. (In this paper we use the letter Q for measures 
which are not necessarily of mass 1, and reserve the letter P for probability 
measures.) 

We use the canonical representation of X in which f2 is the set of right 
continuous paths u) in Sa = S U A with A ^ S, and is such that uj(t) = A 
for all t > C = inf{£ > 0\u(t) = A}. Set X t (u) = u(t). We define a a-finite 
measure [i on (f2, J 7 ) by 

/i(F) = J™ j J Q x ' x (F o kt) dm{x) dt (2.8) 

for all J- measurable functions F on 0. Here kt is the killing operator defined 
by k t uj(s) = uj(s) if s < t and ktoj(s) = A if s > t, so that k^ l F C F t - . 
We call \i the loop measure of X because, when X has continuous paths, [i 
is concentrated on the set of continuous loops with a distinguished starting 
point (since Q x ' x is carried by loops starting at x). It can be shown that /i is 
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invariant under 'loop rotation', and /x is often restricted to the 'loop rotation' 
invariant sets. We do not pursue these ideas in this paper. 

As usual, if F is a function, we often write n(F) for J Fd/i. (We already 
used this notation in (12.71)). 



We explore some properties of the loop measure //. 
Lemma 2.1 Let k > 2, and assume that Vj E T^n.ii for all j = 1, . . . , k. Then 

i /■ fc 

= 7; E / u (yi>y2)--- u (yk-iiyk)u(yk,yi)Y[dv 7r (j)(yj) 

ireVk J 3=1 

where Vk denotes the set of permutations of [l,k]. Equivalently, 

M = E j (j u(x, yi )u{y x ,y 2 )..- (2.10) 



fc-1 



• • ■ u(yk-2,yk-i)u(yk-i, %) dv^iyj) ) ^(x). 

When fc = 1, the formula in (j2.9|) gives 

/*(!&)= / u(y,y)d»(y). (2.11) 



Obviously, this is infinite when u(y,y) = oo. 

Proof We first assume that all the i^- are positive measures. Note that for 
all j = 1, . . . , k 

I% > ok t = Lt i . (2.12) 



Therefore, 

fc \ \ Ik 



Qt' x [ (ik~ °** = or IK' I ( 213 ) 

Vi=i / / Vi=i 



nep \Jo<n<-<r k <t I 
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We use the following technical lemma: 

Lemma 2.2 Let Uj G 1Z + for all j = 1, . . . , k. Then for all t £ R + 

Qt' V (f dL% (2.14) 

\J0<r 1 <-<r k <t / 



Pr 1 (x,y 1 )p r2 -r 1 (y 1 ,y 2 ) 

0<ri< - <r k <t ■ 

k 

'Pr k -r k _ 1 (yk-i,yk)pt~r k (yk,y) Y[ du j(yj) dr j- 

i=i 

Proof We prove this by induction on k. The case k = 1 follows from 
Lemma 1]. Assume we have proved (|2.14p for all 1 < j < k — 1. We write 



Q? * ( / dl% • • • dLJ*) = QT y ( f H n dL%) , (2. 



15) 



where 



F rfc =/ dV r \---dL v r \z\. (2.16) 

J0<ri<-<r fc 

Clearly i7 rfe is continuous in r k . It follows from [JJ Proposition 3] that 

(217) 



Using [7J Lemma 1] again we see that 

* 1 k 



QV V \ f Qr \ k{ ^ dL2] (2.18) 



( , Pr k (x,yk)pt-r k (yk,y) ^ rk , ^fcCs/fc)! 

\J Pr k {X,yk) / 

(yk,y)Qf' k Vk {H rk ) dv k {y k ) \ dr k . 
Using ([2.15P and (|2.14|) for k — 1 we see that it holds for all 1 < j < k — 1. □ 
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Proof of Lemma 12.11 continued: Combining (|2. 14[) with (|2,13p we obtain 



U" =1 



(2/1,2/2) 

J0<rx<—<r k <tJ 



k 

' Pr k -r k _ 1 (yk-i,yk)pt-r k (yk,x) dv^iyj) drj 

3=1 



Therefore 

k 



Qt' X II L ~ k t\ dm(x) (2.20) 



Yj / ^'2-^(2/1,2/2) 



0<ri<---<r- fe <t 



'Pr k -r k _ 1 {yk-i,yk)p ri +t-r k {yk,yi) J| du^iyj) drj, 

i=i 



since 



Pn yi)Pt-r k (yk,x) dm(x) = p ri +t-r k (yk, 2/i)- (2-21) 
It follows from ([ITED and (I2T20]) that 

= [ 7 ( [ I Pr ^ fa) " " " 

7reV k Jo \J0<ri<-<r k <tJ 

\ 

'Pr k -r k -\ 

iyk-i,yk)Pn+t~r k {yk,yi)Y[ dv -K{j)(yj) dr j dt - 

3=1 J 

We make the change of variables (i, r2 . . . , r^) — > si = r± + t — r^, S2 = 
r2 — ri, . . . , sjfc = Tfc — r&_i, and integrate on r\ to obtain 
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k 



P 



n L ^ j ( 2 - 23 ) 

Y] I — - 1 - — (/ p S2 (yi,y2) ••• 

t£ J s\ H h s fc VJ 

• • ■Ps k {yk-i,yk)p Sl {yk-,yi) \\ dv^ivj) J ^ ldnj 



= yZ — ; — ~ — / p«2(i/i»«2)--- 
• • • Ps k (yk-i,yk)p Sl (yk,yi) Y[ du ^(3)(yj) 

3=1 

Set 

f{si,s 2 ,--- ,s k ) (2.24) 

= ^2 Ps2(yi^y2)---Ps k (yk-i,yk)p Sl (yk,yi)'[[du 7Tij) (y j ), 

and note that because of the sum over all permutations 

/(si, 82, ■■■ , s k ) = f(s 2 , s 3 , • • • , (2-25) 
Using (|2.25p after a simple change of variables we see from (|2.23|) that 

= / - + . Sl . + s /( g i^2,-- - ,s k )H d Sj (2.26) 

k 



P 



I : : : /(«2, s 3 , ■ ■ ■ , si) TT dsj 

J s 2 + s 3 H hsi 1J - 

/ : 7^ : /(si,s 2 ,--- ,s fc )TT ds J- 

7 si + s 2 H h s fc -M- 



i=i 

Similarly we see that for all 1 < j < A; 

- g — /(si, s 2 , • • • , s fc ) TT daj. (2.27) 

si + s 2 H hSfc X1 - 

3=1 

14 



("1/ ) f 



Therefore 



= i E / / P^iviiy?) ■ ■ ■ Ps k (yk-i,yk)p si (yk,yi) 

k 
0=1 

If k 

= T / n (yi'y2)---n(y fc _i,y fc )u(y fc ,yi)PJ du^(yj). 

It follows from the hypothesis that || • || is a proper norm, that the integrals 
in (|2.28p are finite; consequently the equalities in (|2.28p hold for all v £ T^-\\-\\- 
(I.e. measures that are not necessarily positive.) This is (|2.9p . 

To obtain (|2.10p we note that because we are permuting k points on a 
circle, for k > 2, we can write (|2.9p as 

MlI L ~] = E / (fn(x,y 1 )u(y 1 ,y 2 )--- (2.29) 
\i=i / 

• • • u(yk-2,yk-i)u(yk-i,x) Y[ du ^U)(yj) du k(x)- 



n 



Remark 2.1 Note that in the course of the proof of Lemma [2. II we show that 
(USD and (pTTOj) hold for all measures in TZ + . 



For use in the next section, note that when k = 1, (|2.20p takes the form 

Qt' x ° fc <Mz) = * / Ms/, y) My)- ( 2 - 3 °) 

Using the fact that 1{£><5} ° fet = 1 if t > 5, and if t < 5, we see that 

roc p 

A t ( 1 {C><5} L ^o) = / Pt(y,y)dv(y)dt (2.31) 



5 
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which is finite by our assumptions that sup x pt(x, x) dt < oo for each 5 > 
and v is a finite measure. 

2.3 The loop soup 

Let C a be the Poisson point process on Vt with intensity measure a[i. Note 
that C a is a random variable; each realization of C a is a countable subset of 
fl. To be more specific, let 

N(A) := #{C a n A}, ACQ. (2.32) 

Then for any disjoint measurable subsets A±, . . . , A n of 0, the random variables 
N(Ai), . . . ,N(A n ), are independent, and N(A) is a Poisson random variable 
with parameter a/j,(A), i.e. 

P Ca (N(A) = k) = ^^) fc e -°^), (2.33) 

The Poisson point process £ a is called the loop soup of the Markov process 
X. For G T^ii. II we define 

$(v) = limit, (2.34) 

<5 — i-0 



where 



Yj l Kn>S} LU oo(^)j - a/^( 1 {C>5} L ^»)- ( 2 - 35 ) 



As noted following (j2.31[) . Ml{£>5}-^) is finite for all 5 > 0. We show in 
Theorem 12. II that the limit (|2.34p converges in all L p , even though each term 
in (|2.35p has an infinite limit as 5 — > 0. 

The terms loop soup and 'loop soup local time' are used in [TTJ [12], and 
[10} Chapter 9]. In [T3] they are referred to, less colorfully albeit more descrip- 
tively, as Poisson ensembles of Markov loops, and occupation fields of Poisson 
ensembles of Markov loops. 

The next theorem contains Theorem I l.li It is given for symmetric kernels 
in [141 Theorem 9]. (In which case, when a = 1/2, the permanental process is 
a second order Gaussian chaos.) 

Theorem 2.1 Let X be a transient Borel right process with state space S and 
potential density u(x,y), x,y £ S, as described in the beginning of this section. 
Then for v G 7£|M| the limit {2. 31$ converges in all IP and {ip{v), v £ is 
an a-permanental field with kernel u(x,y). 
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Proof By the master formula for Poisson processes, [9j (3.6)], 
EcJe 12 ^ 1 ^) (2.36) 



exp a 




Differentiating each side of (|2.36p with respect to z\ , . . . , z n and then setting 
zi, . . . , z n equal to zero, we see that 

V=l / U i B» = [l,n],| J B i |>2 i \jeB, J 

where the sum is over all partitions B\, . . . , B n of [l,n] with all \Bi\ > 2. 

The right hand side of (12.37P can be written as a sum of terms involving 
only positive measures, to which the monotone convergence theorem can be 
applied. Using (|2,10p we then see that the right hand side has a limit as the 
5j —> and this limit is the same as the right-hand side of (jl.ip . Applying this 

with Ilj=i re pl ace d by ^L v & — L v 6 ^j , for arbitrary integer n, shows that 

the limit (j!T34j) exists in all L p . □ 



Remark 2.2 If we let a vary, we get a field-valued process with independent 
stationary increments. This property is inherited from the analogous property 
of the loop soup. 

3 Continuity of Permanental fields 

In this section we give sufficient conditions for the continuity of second order 
permanental fields that extend well known results for second order Gaussian 
chaoses. 

We use the following well known sufficient condition for continuity of 
stochastic processes with a metric in an exponential Orlicz space, see e.g., 
[TBI Section 3]. Let H(x) = exp(x) — 1 and L~{£l,F,P) denote the set of 
random variables ^ : O — ^ i? 1 such that £7(E(|£|/c)) < oo for some c > 0. 
L"(f2, J 7 , P) is a Banach space with norm given by 

U\\ s = M{c>0:E(E(\^\/c))<l}. (3.1) 
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Let (T, r) be a metric or pseudo- metric space. Let B T (t,u) denote the 
closed ball in (T, r) with radius u and center t. For any probability measure 
a on (T, r) we define 

J T ,rA a )= Sn P lQ S /p ^ ^ dtt - ( 3 - 2 ) 



Theorem 3.1 Lei X = {X(i) : t <E T} be a stochastic process such that 
X(t,uj) :Txfl4 [—00, 00] is „4 x J 7 measurable for some a-algebra A on T . 
Suppose X(t) G L P (Q,F, P) and there exists a metric t onT such that 

\\X(s)-X(t)\\ s <T(s,t). (3.3) 

(9Voie i/ia£ i/ie 6a//s B T (s,u) are A measurable). 

Suppose that (T, r) /ias /mite diameter D, and that there exists a probability 
measure a on (T, .A) suc/i that 

Jt,tA D ) < °°- ( 3 - 4 ) 

T/ien £/iere exists a version X' = {X'(t),t G T} o/X suc/i £/ia£ 

£supX'(i) < C Jt,t,c{^)-> ( 3 - 5 ) 
/or some (7 < 00. Furthermore for all < 5 < D, 

sup |X'(s,w) - X'(t,w)| < 2Z(u) Jt,tA S )> ( 3 - 6 ) 

s,t€T 

r(s,t)<<5 

almost surely, where 

Z{uj) := inf ja > : ^ ^(a -1 ^^, w)|) <j(dt) < l| (3.7) 

and \\Z ||s < if, where K is a constant. 
In particular, if 

limJ TjT)(T ((5) = 0, (3.8) 

X' is uniformly continuous on (T, r) almost surely. 

The next lemma shows the significance of weak proper norms for continuity 
results for permanental field. 
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Lemma 3.1 Let \ip(y),v G V} be an a-permanental field with kernel u and 
let || • || be a weak proper norm with respect to u, then for some C a < oo, 
depending only on a, 



0)||h < C a \\u\\, WveV (3.9) 
and 



(i/)-'0(i/)||B<C , a ||i/-i/ , ||, Vi/,i/€V, (3.10) 
where \\ ■ ||~ is the norm of the exponential Orlicz space generated by — 1. 

Proof of Lemma 13.11 We note the following immediate consequence of 
Definition 11.11 

E (Mv) - W))") = EW"{v - v')). (3.11) 

Therefore to estimate E {{^{v) — ijj{u')) n ) it suffices to consider E{ip n {v — 
or simply E{ip n (v)), where v is not required to be a positive measure. 

To prove this lemma we must estimate E(\il){v)\ n ). When n is even we can 
use Definition 11.11 Consider a term on the right-hand side of (jl.ip 

/n n 
n^^n^) (3 - i2) 

3=1 3=1 

for a fixed permutation ir G V' . Since c(ir) is the number of cycles in tt, we 
see that c(vr) < n/2. Therefore a c W < (a V l) n / 2 . 

Suppose 7r has p cycles of lengths l±, . . . ,l p . Label the elements in cycle q, 
qi, . . . , q\ q . Consider the terms on the right- hand side of f|3. 12|) corresponding 
to the qth. cycle 

/lq lq 
]Ju(x q .,x qj+1 )Y[ dv(x qj ), (3.13) 

3=1 3=1 

where l q + 1 = 1. Since || • || is a weak proper norm we have 

lq lq 

]Ju(x qj ,x qj+1 )l[dv(x qj ) < C l «\\v\\ l « (3.14) 

3=1 3=1 

Therefore (^T2]l 



< (q V l) n / 2 C n ||^|| n . (3.15) 
It now follows from Definition 11.11 that for n even 

E\i/)(v)\ n < (n - 1)! (a V l) n / 2 C n ||^|| n . (3.16) 
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When n is odd by Holders inequality 



E\iP(»)\ n < ( J E|VH| n+1 ) n/(n+1) (3.17) 
< n\(aVl) n/2 C n \\u\\ n . 



Consequently, 



This gives and (fBTTUD . n 

Let V be a linear space of measures on 5 and u a kernel on S x S. Suppose 
that || • || is a weak proper norm for V with respect to u and V C T^iui. Then 
|| v — v' || is a metric on V and is a candidate for the metric r in (I3.3p . In this 
situation we write Jr,r,a in (|3.2p as Jv,|H],<7- 

Proof of Theorem 11.21 This is an immediate consequence of Lemma [3. II and 
Theorem 13.11 

Other results on the continuity of permanental fields are given in |20j. 

Remark 3.1 All the other results in Theorem 13. 1| that are not stated in 
Theorem II .2\ hold for ip and || • ||. 



4 The Isomorphism Theorem 

In this section we obtain an isomorphism theorem that relates permanental 
fields and continuous additive functionals. To begin we consider properties 
of several measures on the probability space of X. Recall that u denotes the 
O-potential density of X 

Let Q x ' v denote the cr-finite measure defined by 

Q x ' y (l {(>s} F s )=P x (F s u(X s ,y)) for all F s G 6J^, (4.1) 

where J 7 ^ is the cr-algebra generated by {X r , < r < s}. 

Lemma 4.1 For all x,y 

/•oo 

Q x <v(F) = / Q't' y (F o kt) dt, F e bT°. (4.2) 
J o 
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Proof To obtain (|4,2p it suffices to prove it for F of the form {1{(> S } F s } 
for all F s € bF° s . Since l{c_ >s } °h = l{ s >t}l{c>s}, 

/*OG POO 

/ Q^((l {c>s} F s )ofc t ) = / {1 {C>S} F s ) dt (4.3) 

/•OO 

= / P x (F sPt „ s (X s ,y)) dt 

J s 

= P x (F s u(X s ,y)) = Q^[l {c>s} F s ), 



where the second and third equalities follow from (|2.7p and interchanging the 
order of integration and the final equation by (14, ip . □ 



We have the following formula for the moments of {U^^v G 1Z + } under 
Q X 'V. 

Lemma 4.2 For all Vj G 1Z + , j = 1, . . . , k, 

,V2)— (4.4) 



Q x ' y (lI L - | = E / <*>viMvi> 



k 

■■■u{y k -x,yk)u{yk,y) \\ du^fa), 
i=i 

where the Vk denotes the set of permutations of [1, k]. 

Proof By (|4.2p . taking into account the observation in (??), we have 

( fc \ poo I k \ 

= J Q Qt V \jl L ^°h\ dt. (4.5) 



Following the argument in ()2.13p and then using Lemma 12.21 we see that 

k \L2\o kt \ = jzq^I 

'0<ri<---<r k <t 



\ \ j=1 J J neVk \Jo< ri <...<r k <t J 

Y] / Pri(x,yi)pr 2 -ri(yi,y2)--- 

J 0<ri < - <rt<t J 



ireV k 



k 
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Therefore 

k 



Q xy \T\lZ\ = J2 / Pn(x,y 1 )p r2 - ri (yi,y 2 ) 

\ / _--r, Vo<n<-<r fc <t<oo ■/ 



(yk-i,yk)Pt-r k (yk,y) dv^(yj) drj dt, 
3=1 

which gives (|4.4p . □ 

Let || • || be a proper norm. It follows from (|4.4[) and ()2.10j) that for any p 
and z/i, . . . , Vk G 72.ii. 11 



(4.6) 



For any tfi, p £ "^iLih se ^ 



Qj(A) = | Q*'«(^l {A} )dp(x). (4.7) 

Note that by (|4.6p we have = p^L^Lto), so that is a finite measure. 

Using (14. 6p again, we see that 

% (n l ~ j = ^ n l - j ( 4 - g ) 

for all za,- 6 72.ii. II . 

By (|2.10p and (|4.8p and the fact that || • || is a proper norm we see that 
\Q% I = lM (^t (^)") I < n!C"||0||||p||||Hr. (4.9) 



Therefore is exponentially integrable with respect to the finite measures 
Q^(-) and p i^L^oLitoi-)^ , so that the finite dimensional distributions of {L 1 ^, v E 
72||.||} under these measures are determined by their moments. Consequently, 
by (14.8p . for all bounded measurable functions F on R k , 

Q P 4> {F{L^...,L^)) = p (L^Lt F(L£,...,L%)). (4.10) 
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We now obtain a Dynkin type isomorphism theorem that relates perma- 
nental fields with kernel u to continuous additive functionals of a Markov 
process with potential density u. We can do this very efficiently by employ- 
ing a special case of the Palm formula for Poisson processes C with intensity 
measure £ on a measurable space S, see [U Lemma 2.3], which states that for 
any positive function / on S and any measurable functional G of C 

E £ G{C) ) = I M^VU C))f(J)dt{J). (4.11) 

For <j), p E 7£jf ,, we define 

0** = £ Z4(u,)LtH. (4.12) 

Obviously, > 0. 

Theorem 4.1 (Isomorphism Theorem I) Let X be a transient Borel right 
process with potential density u as described in Section \2.1\ Let || • || be a 
proper norm for u and let {ij){y),v E be as described in {2.31$ . (By 

Theorem \2.1l E ^|| ||} is an a-permanental field with kernel u.) Let 

{L^,z/ E be as described in the paragraph containing 112.3)) . Then for 

any (j),p E and all measures Vj E j = 1 5 2, and all bounded 

measurable functions F on R°° , 

Ec a Q% (F (fe) + LZ)) = \E Ca (e^F^ivS)) , (4.13) 

and 9 P '^ , given in {4-12\ ), has all its moments finite. (Here we use the notation 
F(f(x i )):=F(f(x 1 ),f(x 2 ),...).) 

Since (|4.13p depends only on the distribution of the a-permanental field 
with kernel u, this theorem implies Theorem 11.31 

Proof We apply the Palm formula with intensity measure ap, 

f(u)=If oa (u,)L* (u;) (4-14) 

and 

G(C a ) = F . (4.15) 

To begin let F be a bounded continuous function on R n . Note that 

£ /M = 9^. (4.16) 
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Note also that since (J and C a are disjoint a.s. 



so that 



GV U £ Q ) = F (L^(£ Q ) + l {c(a/)>5} L^(u/) 
It follows from (|4.11|) that 
ErJe^FfL" 



(4.17) 
(4.18) 

(4.19) 



We interchange the integrals on the right-hand side of (|4.19p and use (|4.10p and 
then take the limit as 5 — > 0, to get (14.13P for bounded continuous functions 
F on R n . The extension to general bounded measurable functions F on 
is routine. 

To see that 6 P ^ has all moments finite, we use the master formula for 
Poisson processes in the form 



exp a 



7l P tB 



1 d/j,(u] 



(4.20) 



with z < 0. Differentiating each side of (|4,20p n times with respect to z and 
then taking z t we see that 



Qp,tp\n 



UiB z = [l,n] i 



(4.21) 



where the sum is over all partitions B\, . . . ,B n of [l,n]. This is finite for 

<l>,pent„. □ 

Isomorphism Theorem I shows that the continuity of the permanental field 
implies the continuity (in the measures) of the continuous additive functionals. 



Corollary 4.1 In the notation and under the hypotheses of Theorem \4-l\ let 
D C TZ\\ . II and suppose there exists a metric d on D such that 



]imE 

5^0 



( 

sup 

i d(v,v')<6 



(4.22) 
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then 



lim Q p , 



sup 

. d(v,v')<6 



TV TV 



0. 



(4.23) 



Proof It follows from (|4~T3|) that 



05 



sup \L u OQ -L ool 



, d(v,v')<6 

\ v,v'&D 

<e( sup 

\d(i/,i/')<« 
v.v'eD 



(4.24) 



/ 



+-[E[ sup 



d(v,v>)<& 



1/2 



Using this it is easy to see that ()4.22p implies (|4. 23|) . 



n 



For applications of the Isomorphism Theorem in Section [5] we sometimes 
need to consider measures p and eft in (|4.13p that are not necessarily in TZ\\.\\- 
To deal with this we introduce two additional norms on M(S): 



\v\(S) V sup J (u 2 (x,y) +u 2 (y,x)) d\u\(y), 
where \u\ is the total variation of the measure u, and 

|M|o := H(S) V sup / u(x,y)d\v\(y). 



(4.25) 



(4.26) 



Lemma 4.3 Let AL) B be a partition of [l,n], n > 2, with B ^ 0. Then 

/ n 
u(yi,y2) ■ ■ ■ u(y n -x,y n )u(y n ,yi)Yl dvjiyj) (4.27) 

< n w° n ii^h« 2 ,oo- 

i&A j<=B 

and p G T^jf,, . In addition let and Vj G 72.ii .11 , jf = l,...,k, for 



Let <h G 7£„ 



some proper norm 
such that 



Then there exists a constant C = C((j),p, 



3=1 



< k\C k \\p\\o 



n 

i=i 



< oo, 



(4.28) 
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Proof Without loss of generality, we assume that 1 £ B. Then using the 
Cauchy-Schwarz inequality in y\ we have 



< 



1/2 



u 2 {yi,y2)d\vi\{yi 

"(2/2,2/3) • "u(yk-i,Vk) JJ ^Ks/j). 

S pi u 2 ,oo 



(4.29) 



« (yk,yi)d\vi\(yi] 
k 



1/2 



J'=2 

We bound successively the integrals with respect to d\i/j\(yj) for j = k,k 
1, . . . , 3 to obtain 



{yi,yz) " - u{yk-x,yk) JJ rfkjl(yj)- (4.30) 

< ^sup y u(aj,y)d|f jfc |(y)j ^ |u(y 2 , Z/3) • • • u(y k - 2 , y k -x) JJ 

< fj ^sup y u(a;,j/)d|i/j|(y)J J 1 c?|^ 2 | (^2) < fl IN 



i=2 



Using (l4T2"9l and (j4T3"0"D we see that 

/n n 
u(yi,y 2 ) •••u(y n -i,y n )u(yn,yi)Yl dvj{yj) < \\ui\\ u 2 jO0 J\ \Wj\\o- ( 4 -31) 
1 „■ o 



5=1 



3=1 



1 1 1 /2 1 1 1/2 

We now note that by the Cauchy-Schwarz inequality \\v\\q < ||v|| 2 
Using this and ()4.31j) and recognizing that the choice of indices in (|4.31|) is 
arbitrary we get (|4.27p . 

To obtain (|4.28p we use the Cauchy-Schwarz inequality to write 



n l%) 1 < ((^oo^) 2 ) } 1/2 w( n l -T) P ( 4 - 32 ) 
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We use (R~2D) with |A| = \B\ = 2 to bound the first term and (pJOjl and (fT31) . 
and the fact that ((2k — l)!) 1 / 2 < C k k\ to bound the second term and get 
(Q8D . □ 

Using Lemma 14.31 we can modify the hypotheses of Theorem 14. II to obtain 
a second isomorphism theorem. 



Theorem 4.2 (Isomorphism Theorem II) All the results of Theorem \4.1\ 

hold for cf) G "72.il II an( ^ P G ■ 

\\ 11^2,00 !l 110 

Proof Given the proof of Theorem 14.11 to prove this theorem it suffices 
to show that (14.10P holds when (ft G Tttu and p G IZt » ■ To do this we 

II Illt^jOO I 110 

first show that the argument from (|4.6p - (|4.10p holds under this change of 
hypothesis. 
Set 

Q5(A) = | Q^(L£,l {A} )dp(x). (4.33) 
By Remark 12. 1[ (|2.10j) holds for measures in 1Z + . In particular, for p, Vj G 72 + 

| q x ' x l - j = ^ n l - j • ( 4 - 34 ) 

Therefore, Q^(^) = p{LooLto) so that by Lemma [3~3l (|4.27p . we see that Q p ^ 
is a finite measure. Using (I4.34H and ()2.10p we see that 

% ( n l ~ j = a* n l - j ( 4 - 35 ) 

for all i/,- G 72+. 

We now use Lemma [43] (j428]) , to see that (|435j) holds for 4> G ftjf,, 

p G "72j^|| o and {vj} G 72||.||- Therefore, using Lemma 14.31 we see that that for 
any v G "72m. ii 

IQ$ (04) n ) I = m (^) n ) < «!C n HpIIo IHkJMr, (4-36) 

which shows that all are exponentially integrable with respect to the 

finite measures Q p , and \x (l^L^o ■ ) . Since (|4.35p holds for cf> G TZf » , p G 
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7£|u| and {uj} G 7^||.||, this shows that for all bounded measurable functions 
F on R k 

Q$(F{L£,...,L%)) = v (L^Lt F(LZ,...,L2)). (4.37) 
holds when </> E 7^, , p E and {vj} E T^lMl- With this modification 

I 1 1 ij 2 ;OQ | ||0 

the proof of Theorem 14.11 proves this theorem. □ 



Remark 4.1 It is easy to see that Corollary 14. 1 1 also holds under the hypothe- 
ses of Theorem 14.21 

5 Joint continuity of continuous additive function- 
al 

In this section we obtain sufficient conditions for continuity of the stochastic 
process 

L = {LI (t,u) e R + x V} , (5.1) 

for some family of measures V C 7Z + , endowed with a topology induced by an 
appropriate proper norm.. 

By definition L\ is continuous in t. However, proving the joint continuity 
of (15. ip . P x almost surely, is difficult. We break the proof into a series of 
lemmas and theorems. We assume that 4> £ ^t.\\ an d p £ T^jf,, , which, as 

noted above, implies that Q^, (defined in (j4.33|) ) . is a finite measure. 

Let h(x, y) be a bounded measurable function on S which is excessive in 
x, and such that 

< h(x, y) < u(x, y), x,y E S. (5.2) 

For example, we can take h(x,y) = 1 A u(x,y), or more generally h(x,y) = 
f(x) A u(x,y) for any bounded strictly positive excessive function /. In the 
proof of Theorem 11.41 we take h(x,y) = u\{x,y) = pt(x,y) dt. 

Set h y (z) = h(z,y). We let Q x > h v denote the (finite) measure defined by 

Q x ' hy (l{( >s } F.) = P X (F S h(X s ,y)) for all F s E (5.3) 

where J-® is the cr-algebra generated by {X r , < r < s}. In this notation, we 
can write the c-finite measure Q x,y in (14. ip as Q x,Uy . 
Set 

Qf*(A) = Q*' h *(Ltl {A} ) (5.4) 
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Qf(A) = I Q x > h *(Ltl { A } )dp{^ 



and 



Note that it follows from (|Q|) and flOj) that 

Qf(A) < QP(A) 

for all A £ J 70 . 



Qf*{A)dp{x) 



(5.5) 
(5.6) 



Lemma 5.1 Let X = (£1, Xt, P x ) be a Borel right process in S with strictly 
positive potential densities u(x,y), and let V C T^t.ni where \\ ■ \\ is proper for 
u. Let O be a topology for V under which V is a separable locally compact 
metric space with metric d. Assume that there exist measures p G "^-juio? an ^ 
<f) G 7£jf I, for which 

(i) 



u(y, z)h x (z) dv(z) and J u(y,z) J u(z,w)h x (w) d<ft(w) dv{z) 

(5.7) 

are continuous in u G V uniformly in y,x G S, and 



(ii) for any countable set DCV, with compact closure 

( 



lim Q p . 



sup 

. d(v.v')<5 

\ uyeD 



TV TV 



0. 



(5.8) 



where {L",v G D} are continuous additive functionals of X as defined 
in Section\2.1[ 



Then for any e > 0, there exists a 5 > 0, such that 

\ 



Q 



p. it 



sup sup L v t — Lf > 2e 

t>0 d(v,u')<8 

v,v'eD ) 



< e. 



(5.9) 



Proof As in [16] we use martingale techniques to go from (|5.8|) to (|5.9 j) . 
However, the present situation is considerably more complicated. 

By working locally it suffices to consider V compact. For fixed y, let 



p x / h v(.\ 



Q 



X,ky 



hy(x) 



x G S. 



(5.10) 
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(f2, X t ,P x / hy ) is a Borel right process in S, called the /i y -transform of (fi, X t ,P x ) 
Section 62]. 

To begin we fix x E S. Set 



Lie 



and define the probability measure 

■jx/h. 



and Z s = E x/hx (Z \J^), 



(5.11) 



Pl ,h * (A) :=E*/ h *(l {A} Z) 



Q x t (A ) 

Q x > h * (l: 



(5.12) 



By |17[ Lemma 3.9.1] we can assume that the continuous additive func- 



tionals L v t are measurable. Consider the p x / hx martingale 



(5.13) 



The last equality is well known and easy to check. Using the additivity prop- 
erty 

c = i:+c°T S , (5.i4) 

where t s denotes the shift operator on Q, we see that 

or, Z\ F° s ) 



Z R 



(5.15) 



Let D be a countable dense subset of V. By (|5.15p . for any finite subset F C D, 

( 



P 



x/h x 



sup sup V t — L\ > 3e 



t>0 d{v,v')<6 



(5.16) 



< P 



x/h x 



-P 



x/h x 



sup sup A" — A\ > e 

t>0 d(v,v')<8 



sup sup H v t - FIX > 2e 



t>0 d(v,v')<6 

vyeF 



'■— h,x + h,x- 
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Using (|5.14p , but this time for Lto , and using the Markov property, we see 



(5.17) 



that 

E x l hx {L u 00 o r t Lto | Jj?) 

E*/ h *{Lt | Jf) 
Lf E^(L^ o r t | g) + E^jjL^Ll) o n | J?) 

E*/h*(Lt\J») 

Here and throughout we are using the convention that f(X t ) = lr t> ^\f(Xt) 
for any function / on 5. Proceeding the same way with the denominator we 
obtain 



u _Lf E x ^(L^) + E x ^(L^Lt 



Lf + E x t/ h *(Li 



Using HSl (2.25) and (2.22)] where u/3( ■ ) = h x ( ■ ), we have 



E y ' hx {L 



f u(y,z)h x (z)dv(z) 



and 



E y/hx {L u 1^ 

\ oo oo 



/ix(y) 

/ u(y,w) (J u(w,z)h x (z)dv(z)) dcj>(w) 



+ 



h x (y) 

J u(y,w) [J u(w,z)h x (z)d(f)(z)) dv{w) 
h x {y) 



(5.18) 



(5.19) 



(5.20) 



By assumption (i) these are finite, and since they are excessive in y it follows 
that H" is right continuous in t. Hence it follows from (|5.13|) that A", t > 
is also right continuous. Therefore 

sup A v t - A v t ' = sup \A\-Ai\ (5.21) 



d(v,v')<S 



d(v,z)<6 

v.u'&F 



is a right continuous, non-negative submartingale and therefore, using (|5.13p . 
we see that 



jx/hx 



sup sup A v t — A v t > e 

t>0 d(v,v')<6 
\ u,v'£F 



(5.22) 



< -E 
e 



x/h x 



sup |Z&,-Z&| 



. d{v,v')<& 
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Using dS3) and then (f5TT2|) 
/ 



Q 



p,h 



sup sup L v t — L v t > 3e 

t>0 d{u,v')<$ 



(5.23) 



Q 



x,h x 



( 

sup sup L\ — L\ > 3e | dp{x) 

. t>0 d(i/,i/')<« 



P 



.x/h x 



sup sup Lf—Lf > 3e 

. i>0 d(v,v')<S 



(LL) dp(x), 



so that by (fSTTUD and (^21) 
/ 



sup sup L v t — L v t > 3e 

t>0 d(„,„')<a 



(5.24) 



< 



/ e;^ sup |Z4 - l£| q*.*- (l* ) d P (x) 



d{v,v')<& 

v,u'eD 



I 



+ / P 



x/h x 



V 

:= I S + II 5 . 
Using (|5.12p and then (|5.5p . we see that 

/ 



sup sup H? - Hf > 26 I Q x ' hx (Lt) dp{x) 

*>0 d{u,u')<S 



h = -Q 

€ 



p,h 



sup {L^-L^ 

d{v,v')<6 



(5.25) 



(5.26) 



It follows from (|5.6p and assumption ii that for any e' > 0, we can choose a 
5 > 0, for which (|5,26p is less that e'. 
We show below that 



lim P 

5->o ^ 



x/h 



\ 



sup sup H% - HI > 2e 

*>0 d{v,v')<8 

\ u,v'eD J 



Q x > h *(Lt) = 0, (5.27) 
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uniformly in x. Considering ()5.24p . the proof is completed by taking F|D. 
To prove (|5.27|) we use (|5.17p to write 



P 



x/h x 



( 

sup sup U% - Hf > 2e 

l t>0 d{v,v>)<6 
\ v,v'£D 



(5.28) 



< P 



x/h x 



h 



sup sup 

t>0 d{y,v')<6 



-p. 



x/h x 



,(X t )Lf ^E x ^(L^)-E x */ h ^L^) 
h x (X t )E*/h*(Lt\J*>) 

h x (X t ) (E x ^(L^Lt) - E x */ h *(L^Lt 



> e 



sup sup 

t>0 d{v,u')<S 



h x {X t )E*/h*{Lt\F?) 



Let 



and 



lx {5) = sup sup h x (y)\Ey^(L^) - Ey/ h ^(L^ 

y&S d(v,v')<s 



%(S) = sup sup h x {y)\Eyl^{L^Lt)-Ey^{LtLt 

y£S d(v, v ')<6 



Then the first line of (15. 28ft is less than or equal to 



P x J h * I sup 



Lhx(5) 



t>o h x (X t ) E*/ h *(Lto | j; ) 



US) 



> € 



+Pl /fe |su,». 



j>o h x (X t ) E-/^(Lto\J=?) 
It follows from (|5.19p . (|5.20p and assumption (i) that 

lim 73. (5) = and lim 7 X (5) = 
<5->0 8^0 



> € 



> e 



(5.29) 



(5.30) 



(5.31) 



uniformly in x £ 5. Consequently, bounding L,f by E x (Utc \ pf) in the first 
line of (|5.30p . we see that (I5.27P follows from the next lemma. □ 
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Lemma 5.2 Let M t be a non-negative right continuous P x martingale. Then 

M t 



h x {X t )E*l**{Lt\J*Y 



t > (5.32) 



is a right continuous non-negative supermartingale with respect to P^ hx , and 

P x ' h * Lp — > e) < I PX{Mo) (5 33) 

\t>o h x (X t )E*/h*(Lt | Jf) ~ J-e Q*M(Lt) 

Proof For any t > s > and any F s G J-^ we have 

J := P */ h * ( Fs 1 (5.34) 

1 -P^( L tF s - Mt ^ 



I h x (X t )E*/h*(Lt\jy) 



1 <v^u 



E*/h*(Lt) V h x (X t )J 

Note that for all functions / on S, /(A) = 0. Therefore, using (|5.3p and (|5.10p 

; f ^M^y J - p (>>*> F 'MAt) J " — w — • (5 - 35) 



Consequently 



J = i- px [hc>t\FsM t ) 

h x (x)E^{Lt) 1 K> 1 ' 

h x {x)E x l^(Llo) 

' P x {1 {(>S} F S M S ) . 



h x {x)E x / h *(L 

Considering (|5.35p and (|5.34p with t replaced by s we see that the last line 
above is equal to 

Pl lkx ( Fs ^— i ) • (5.36) 

I h x (X s )E*/h*(Lt\T°) 
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This shows that ([5. 32ft is a non-negative supermartingale with respect to 

x/h 

P$ . That it is right continuous follows from 

E*/ h *(Lt | 7?) = Lf + E x ^{Lt) (5.37) 

and the sentence following (|5.2U|) . This and the fact that h x {x)E x l hx (Lt ) = 
Q x > h *(Lt) gives QEM- □ 

We can now give our most general result about the joint continuity of the 
continuous additive functionals. 

Theorem 5.1 Assume that conditions (i) and (ii) in Lemma I5.il are sat- 
isfied for some (f) G T^jf,, with support <j) = S, and some p G T^-if,, of 

the form p(dx) = f{x)m(dx) with / > 0. Then there exists a version of 
{L", (t,u) G R\ x V} that is continuous on (0, £) x V, P x almost surely for 
all x £ S, and is continuous on [0,C) x V, P x almost surely for m(dx) a.e. 
x G S. (Continuity on V is with respect to the metric d introduced in the 
statement of Lemma \5.1i ) 

Proof By (ii) of Lemma 15.11 {L\. it. u) G R + x D} is uniformly continuous 
on V, uniformly in t G R + with respect to . The first step in this proof 
is to show that {L", (t,u) G R + x D} is locally uniformly continuous almost 
surely with respect to Q^ h - This can be proved by mimicking the proof in 
[15\ Theorem 6.1] that (6.10) implies (6.12). (This theorem is given for a 
different family of continuous additive functionals with different conditions on 
the potential density of the associated Markov process, nevertheless it is not 
difficult to see that a straightforward adaptation of the proof works in the case 
we are considering.) 
Let 

S7i = {u | Lt(u)) is locally uniformly continuous on R + x D} . (5.38) 
We have that 

Qf(ni) = J Qf*{Sll)dp{x) = 0. (5.39) 

Using the fact that Lto > and p(dx) = f{x) m{dx) with / > 0, we see from 
(Q9|) that 

Q x ' h *(ni) = 0, for m(dx) a.e. x G S. (5.40) 

Set 

f^2 = | Lt{uj) is locally uniformly continuous on [0, () x D} . (5.41) 
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We see from Qgjgjj) and flO} that 



P X (Q, C 2 ) = 0, for m(dx) a.e. x £ S. (5.42) 

Because the Markov process has positive transition densities, we see that for 
any x £ S and e > 

P x (Cl c 2 o 9 e ) = E x (P X£ (0 C 2 )) = j p € (x,y)py(Q c 2 ) dm(y) = 0. (5.43) 

Consequently, for 

f^3 := {ui | Lt(bj) is locally uniformly continuous on (0, C) x D} , (5.44) 
we have 

P x (n%) = 0, for all x G S. (5.45) 

For w G fig we set L v t {io) = 0. For w G ^3 we define {L^(a;), (i, z/) G 
(0,£) x V} as the continuous extension of {L^(uj), (t,u) G (0,£) x D}, and 
then set 

Lg(w) = liminf L£(w) (5.46) 



a4.0 
s rational 



and 

= liminf L u s (oj), for all t > C- (5.47) 



3 rational 



Since L^{oj) is increasing in t for 1/ G .D, the same is true for {L^(w), (t, v) G 
(0, ()xV}. Therefore the lim infs in ()5.46p and ()5.47p are actually limits. Since 
we can assume that the L\ are perfect continuous additive functionals for all 
v G D, we immediately see that the same is true for L\ for each v G V, except 
that one problem remains. We need Lq = 0, but it is not clear from (I5.46|) 
that this is the case. 

We show that L\ is a version of L\ , which implies that Lq = 0. Pick some 
v' not in D and set D' = D U {f '}. Then by the argument above, but with D 
replaced by D' , we get that L v t (iS) is locally uniformly continuous on (0,£) x 
D', almost surely. Thus L\ = L\ on (0,0 a.s., which is enough to show that 
{L%',t > 0} is a version of {Lf ,t > 0}. 

Thus we see that there exists a version of {L", (t, v) G R\ x V} that is 
continuous on (0, Q) x V, P x almost surely for all x G S. To see that this 
version is continuous on [0, () x V, P x almost surely for m(dx) a.e. x G S, it 
suffices to note that for each oj G Q2, Lf(uj) is continuous on [0, Q x V, and 
then use (|5.42jl . □ 
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We now take S = R n . Let T a denote the bijection on the space of measures 
defined by the translation T a (y) = u a ; see ()1.19|) . We say that a set V of 
measures on R n is translation invariant if it is invariant under T a for each 
a G R n and say that a topology O on such a set V is homogeneous if T a is an 
isomorphism for each a G R n . 

Theorem 5.2 Let X be an exponentially killed Levy process in R n and V C 
T^-jfu be a translation invariant set of measures on R n . Assume 

(i) that there is a homogeneous topology O for V under which V is a separable 
locally compact metric space with metric d, and 

(ii) that conditions (i) and (ii) in Lemma \5.1\ are satisfied for some <j) G 
7£ju, with support <p = S, and some p G TZt.u of the form p(dx) = 

f(x)m(dx) with f > 0. 

Then there exists a version of \L v t , (i, v) G R\ x V} that is continuous P x 
almost surely for all x G S. 

Proof Using the fact that X is an exponentially killed process it follows 
easily from the proof of Theorem 15.11 and [16, p. 1149] that we can replace 
£ by oo in the conclusions of Theorem 15.11 Hence there exists a version of 
{L%, (t,u) G R\ x V} that is continuous P x almost surely for a.e. x G S. By 
translation invariance this holds for all x G S. □ 

By Corollary 14.11 we can replace condition (ii) of Lemma 15.11 by (|4.22l) . 
This is used to obtain the next corollary that allows us to replace condition 
(ii) in Lemma 15.11 by a more concrete condition that follows from Theorems 
IO and O 

Corollary 5.1 Let X = (Q, Xt, P x ) be a Borel right process in S with strictly 
positive ^-potential densities u(x,y), and let V be a separable locally compact 
subset o/7£j|^. Assume that there exists a probability measure a on V such 
that Jyiui < oo, where D is the diameter ofV with respect to \\ ■ ||, and 

limJ Vi ||.|| jCT (<5) = 0. (5.48) 
<5— >0 

Then condition (ii) of Lemma \5.1\ holds. 
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6 Proper norms 



Given a family of measures V on a space S and a kernel {u{x , y) , x , y G S 1 }, 
a proper norm || • || for V with respect to u is a norm for which (|l,5p holds. 
In this section we give many proper norms, depending on various hypotheses 
for the kernels u. One of the difficulties in obtaining proper norms is that we 
do not require that the measures v G V are positive. (Even if we are only 
interested in a set V of positive measures, as in Theorem 11.41 we would still 
need to consider \v— z/|| for v, u' 6 V, as, for example, in (|3.10|) . and in general 
v — v' is not a positive measure.) 

We present the results in two theorems. In the first we consider that the 
kernel u(x,y) is the potential density of a Markov process X, with state space 
S and transition density p t (x,y) so that u(x,y) = J °° p t (x,y) dt. 

Theorem 6.1 For a kernel u(x,y),x,y G S that is the potential density of a 
Markov process X with transition densities pt(x,y), satisfying the given addi- 
tional conditions, the following norms are proper norms on A4(S) with respect 
to u: 

1. S = R d , X is an exponentially killed Levy process with u(x, y) = u(y — x) 
and Fourier transform u and 

7(2) := * |u|)(x). (6.1) 

|MI 7 ,2 := (J |i>(x)| 2 7 (x)^ ' (6.2) 

i{ - x -y^\u{q)\dq) du{x)du{y)\ . 




la. Same as in 1. and in addition k(x), the characteristic exponent of X, 
(i.e., Ee l ^ Xt = e~ tK ^), satisfies the sectorial condition 

\Im k(x)\ <C Re k(x), Vx G R m (6.3) 

for some constant C < 1. Then 

\W\\[2] ■= HV'WIb = (J J u{x,y)u(y,x)dv{x)dv(y) S j , (6.4) 
where, as usual, \\ ■ IU is the L 2 norm. 
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2. For general S 



2 \ V2 

w(x, y)w(y, z) du(y) I dm(x)dm(^) 



3.5) 



where m is the reference measure for X and 

[°° Ps (x,y) A 
w{x,y) = / — -=-ds. 
Jo v 7rs 

3. For general S 



(6.6) 



Ml* 



<J>(x, y) dv(x)dv(y) 



1/2 



where 



Qi(x,y)Q r (x,y), 

p s / 2 (x, u)p s/2 (y, u) dm(u) ds, 

p s / 2 (u, x)p s/2 {u, y) dm{u) ds 



(6.7) 



(6.8) 



@i(x,y) 

@ r (x,y) 



and m is the reference measure for X . 

Proof The results in 1, la, and 3 change of number are proved |2U[ Section 
3]. The results in 1, and 3 are consequences of of a general inequality, [20\ 
Lemma 3.2]. Nevertheless, considering the importance of |M| 7 ,2 in Section [7] 
we give a simple self-contained proof for 1. 

We write u as the inverse Fourier transform of it's Fourier transform to get 



/n n 
Yl u(z j+1 - Zj) Y[ dvj{ Zj ) 

3=1 3=1 
J J j=l 

j j J J j e^-^-i) dv3 (z 3 )u(x3)dx 



(6.9) 



(27r) nd 
1 
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where xq = x n . We take the Fourier transforms of the {uj} to see that ()6.9 



- (2^F //IN l^'^J ~ dx i I ( 6 ' 10 ) 



W/(n^ 



Xj — l-u(xj)! 1 / 2 1 1//2 dxj 



We now note that for any sequence of real or complex valued functions 
{wj}™ =1 , and with xo = x n , by repeated use of the Cauchy-Schwarz Inequality, 

/•••/ flll^^'^- 1 )!^'! - II (/ f \wj(x,y)\ 2 dxdy^J . (6.11) 
We apply ([6TTTT) to the last line of (fBTTOl) with 

\wj{xj,Xj-i)\ = T^pl^'^i ~ 2; j-i)ll^( ;z; i)| 1/2 |'"( ;z; i-i)| 1/2 ( 6 - 12 ) 



to get that dEjJj) 

1/2 



Il((2^p / / \ p 3( x -y)\ 2 \K X )\ \u{y)\dxdy^j 



1/2 



Since u is real valued, we have u{—y) = u(y). Making this change and then 
making a change of variables we get the first line of (|6.2[) . The equivalence 
of the first and second lines of ()6.2f) follows from Plancherel's Theorem. It is 
clear from the first line of (|6.2|) that || • || 7j 2 is a norm. 
For item 2 we first note that 

w(x,y)w(y, z) dm(y) (6.13) 

r^ddsds' 

o Jo JWsy-Ks' 



I Mx ' z) {lJoVT^ ds ') dt 

( - / . /-i ds') [ p t (x,z)dt = u(x,z). 

Jo VI - s'Vs' J Jo 
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(It is interesting to note that w is the potential density of the process X? t where 
Tt is the stable subordinator of index 1/2. In operator notation (|6.13p says 
that W 2 = U where W and U are operators with kernels w and u respectively.) 

Given (|6.13p . the proof of 2 follows from |20(. Lemma 3.2] with h{X) dX = 
m(d\). However, it is simple to complete the proof as follows: Using (|6. 13|) 




in which z n+ i = z\ and Aq = A n . It follows from this that 



Y[u(zj,z j+1 ) Yl dvj{zj) 



3=1 



3=1 



/ II ( / w(zj, X^wiXj^i, Zj) d^jizj)) J| dm(Xj) 
J j= i \ J / j= i 



(6.15) 



n 

s n 

3=1 



2 \ 1/2 

w(zj , s)w(t, zj) dfj(zj) \ dm(s)dm(t) 



where, for the final inequality, we use the same argument we used in f|6.11|) . 
Lastly, set 

M v (x,z)= / w(x,y)w(y,z)du(y). (6.16) 



Since \\v\\ w is the I? norm of M v , and M v+V i = M v + M v i, we see that \\v\\ w is 
a norm. (This can also be viewed as the Hilbert-Schmidt norm of the operator 
defined by the kernel M u ). o 



Remark 6.1 Condition 2 which holds for general Markov processes is actually 
equivalent to 1 when the Markov process is a killed Levy process, in which case 
the reference measure is Lebesgue measure. To see this we note that when 
w(x,y) = w(x — y), u = w * w so that \u\ = \w\ 2 . Using this we see that the 

1 /2 

L 2 -norm of the Fourier transform of M v equalsfj* |£(:c)| 2 7(x) dx) 
We now consider proper norms with respect to general kernels. 
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Theorem 6.2 For kernels {u(x,y),x,y £ S} satisfying the given additional 
conditions, the following norms are proper norms on Ai(S) with respect to u: 

4- IMIm 2 oo defined in (|4.25p . 

5. For u > and positive definite, i.e., J J u(x,y) du(x) du(y) > 0, for all 
measures v G Ai(S), 

IHI(2):=(y j{u{x,y) + u{y,x)) 2 d\v\{x)d\v\{y)^ ' . (6.17) 



Proof Item 4 follows from Lemma 14.31 

To prove 5 we note that the same argument that gives (|6.1ip shows that 



/ u(y 1 ,y 2 )---u(y k ^ 1 ,y k )u(y k ,y 1 )Y{diy j (yj) (6.18) 



< 



Furthermore, since u(x, y) is positive definite, u(x, y) + x) is positive 
definite, and therefore, by Schur's Theorem j3J p. 182], (u(x,y) + u(y,x)) 2 is 
positive definite. Consequently 



(J J u 2 (x,y)d\u\(x)d\u'\(y)\ ' (6.19) 

1/2 



< / / (u(x,y) + u(y,x)r d\v\(x) d\v' \{y) 



, H , , 1/2 || / 1| 1/2 
^ P 11(2) 11^ H(2) ' 



where, for the second inequality, we use the fact that (u(x,y) +u{y,x)) 2 is 
positive definite. Using this in (|6.18p gives 

/ u(yi,y 2 ) ■ ■ ■ u(y k -i,yk)u(yk,yi)Y[ du j(.Vj)\ < IJlkilkz)- ( 6 - 20 ) 

J 3=1 3=1 

We see from (ll.ip that || • ||( 2 ) is an I? norm. (It is the I? norm of a second 
order Gaussian chaos with kernel u(x, y) + u(y, x).) n 
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Remark 6.2 Let ip = {ip(i/),i> 6 V} be a permanental process. It follows 
from Definition 11.11 that 

E^ 2 (v) = j j u(x,y)u(y,x)dv{x)dv(y). (6.21) 

It follows from the remark in the paragraph containing fjl . 11 [) that when u is 
symmetric, i.e., when ifj is a second order Gaussian chaos, 

|| • || 2 := {E^{v)) l/2 = (|| u\x,y)dv(x)dv(y)y 2 (6.22) 

is a proper norm for V with respect to u, which implies that 

\\v x ~ v y \\n < C\\v x - v y \\ 2 . (6.23) 

One way to evaluate whether the proper norms in Theorem 16.11 are good 
estimates is to see whether they give (|6.23j) when u is symmetric. Since we 
know that, up to a constant multiple, this is best possible when u is symmetric. 

The proper norm in 1. is equivalent to (|6.22|) when u is real and positive 
because then 



1 



(2k) 



3 *(*-»)«|fi( g )| dq = u(y -x) = u(x, y). (6.24) 



We know that u is real when u is symmetric. It is positive when u is the po- 
tential density of a Levy process, as one can see from the paragraph preceding 
Theorem 16.11 

More generally, the proper norm in 2. is also equivalent to (|6.22[) when 
u is symmetric as one can see by interchanging the order of integration and 
using (|6.13p . 

The proper norm in 3. is equivalent to (16.22H when the transition densities 
Pt(x, y) are symmetric, because in this case we can write both integrals in (|6.8p 

as 



Ps/2(x,u)p s/2 (u,y)dm(u)ds = p s (x,y) ds = u(x,y). (6.25) 

Jo 

The proper norms in 5. is obviously equivalent to (|6.22f) when the measures 
Vj are positive. However, we need this to hold for general measures. 

We introduce a potentially useful generalization of the notion of proper 
norm that enables us to obtain continuity conditions for certain permanen- 
tal fields that are associated with Markov processes that need not be Levy 
processes. 
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We say that a norm || • || on M(S) is a 7r-proper norm with respect to u, 
if for all n > 2, and all 1/1, . . . , v n € A^iui, 

/n n n 

Y[u( Xj ,x j+1 ) Yl du % .(xi)\ < n\C n H \\ujl (6.26) 

vrtA-n i=l i=l j=l 

where x n +i = x\ and C is a finite constant. Note that (|6.26p . rather than the 
more restrictive condition (|1.5p . is all that is needed for the proof of Lemma 
I2.lt see the sentence following ()2.28p . Therefore, we can use Lemma [2. II to see 
that (|6.26p is equivalent to 



3=1 



(6.27) 



j=l 



It then follows as in the proof of Theorem 12.11 that {ip{v),v £ ^-|| ||} i s an a ~ 
permanental field with kernel u(x,y). Consequently, using either ()2.37j) . after 
taking the limit as 6 — > 0, or (jl.ip directly, along with (|6.26|) . we obtain 



3=1 



3=1 



As in the proof of Lemma 13.11 this shows that 



")\\ P <C a M\. 



The next lemma gives an example of a 7r-proper norm. 
Lemma 6.1 The norm 



(6.28) 



(6.29) 



\u\\ a := HOS 1 ) V sup / u(y,x)u(x, z) dv(x) 

y,z 



is a ir -proper norm with respect to u. 

(We can not show it is a proper norm.) 



(6.30) 
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Proof For n even and y n +i = Vi we have 

n 

u(yi,y2) ■ ■■u(y n -i,yn)u(y n ,yi) dvj(yj) 



(6.31) 



/( II J u (yj^yj+i) u (yj+i^yj+2)diy j+ i(y J+ i)\ 

\j odd,l<j<n ) 



11 du AVj) 
j odd,l<j<n 



' n 

j odd,l<j<n 



< n n^'iifi- 

i=i 



u(yj,yj+i)u(y j+1 ,y j+2 )du j+1 (y j+1 ] 



II 

j odd, l<j<n 



Therefore, for n even, by (|2.10p we get 



/ 1 n l 

3=1 



< {n-iy. Jjlkilk- 



(6.32) 



When n = 2m + 1 is odd we use the Cauchy-Schwarz Inequality together with 
([Q2]) to get 



(6.33) 



< 



m ( 



1/2 



2m+l 

m ( n ( l -) 2 

j'=m+l 



1/2 



< n! Y[ \Wjh- 

3=1 



n 
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7 Continuous additive functionals of Levy processes 



The main purpose of this section is to prove Theorem 11.41 We begin with 
two lemmas which follow easily from results in [15]. Because the notation in 
|15j is different from the notation used in Theorem 11.41 it is useful to be more 
explicit about the relationship between a Levy process killed at the end of an 
independent exponential time and the Levy process itself, i.e., the unkilled 
process. Let Y = {Y t ,t £ R + } be a Levy process in R d with characteristic 
exponent R. Let X = {X t ,t G R + } be the process Y, killed at the end of 
an independent exponential time with mean 1//3. Let k and u denote the 
characteristic exponent of X and the potential density of X. Then 

«(0 =/? + «(£) (7.1) 

and 

Lemma 7.1 Let X be a Levy process in R d that is killed at the end of an 

independent exponential time, with characteristic exponent k and potential 
density u, and suppose that 

< cW-, (7.3) 



\<o\ 2 - 1*1 

where 7 = \u\ * \u\. Then 

ww^cr ^y .. (,4, 

Ji x(log2x) 1 / / 

Proof We follow the proof of |151 Lemma 5.2] with the 7 of this theorem 
and |k(£)| replacing the 7 and (1 + "0(0) i n [13 Lemma 5.2]. It is easy to see 
that the proof of [151 Lemma 5.2] goes through with these changes to prove 
this lemma. □ 



Remark 7.1 Since 

sup\Uu(y)\ < C [ \u(s)\\u{s)\ds, (7.5) 
y J 

it follows from (|7.4p and [21 p. 285] that v charges no polar set. It is a 
conjecture of Getoor that essentially all Levy process in R d satisfy Hunt's 
hypothesis (H) which is that all semipolar sets are polar. This has been proved 
in many cases. See for example, [21] and [6J. In these cases the condition in 
Theorem 11.41 that v G 1Z + (X), is superfluous. 
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Remark 7.2 The function 7(£) plays a critical role in Theorem ll.4i We note 
that 

sup 7 (0 < CM!, (7.6) 
£eR d 

for some absolute constant C. 

The next lemma is a generalization of |X5|, Lemma 5.3]. 
Lemma 7.2 If 

Cit(|£|)<K£)|<C 2 t(|£|) V£eit! d (7.7) 
and t(|£|) is regularly varying at infinity, then (7.3) holds. 
Proof By the assumption of regular variation, for |£| sufficiently large, 

1® ~ I I ft ( \ I ( 7 - 8 ) 



> 



> 



dr) 



> C 



n\>m\ - £,\) T (M) 

dr) 

\v\>m r2 (M) 
\a\ d 



which gives ()7.3p . (Since this is a lower bound it holds even if the integral on 
the third line is infinite!) It is clear that the constant in (|7.8p can be adjusted 
to hold for all £ G R d . □ 

The following lemma provides a key estimate in the proof of Theorem 11.41 



Lemma 7.3 Under the hypotheses of Lemma 7.2 

|«(Ai)| 2 |«(e - A0| dAi < C7|«(0III«|||- (7-9) 
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Proof Using (|7.7p . we can treat u as though |u(|£|)| is regularly varying at 
infinity. Consequently 



J |«(Ai)| 2 |«($-Ai)|dAi 

|2(Ai)| 2 |n(e-Ai)|dAi + 



|Ai<|5|/2| 

< C\u(0\ ( 



|Ai>iei/2| 



(7.10) 

\u(X 1 )\ 2 \u^-X 1 )\dX 1 



|Ai<|5|/2| 

<cR6l(Nli + 7(a) 

which implies (|7.9j) . 



|u(Ai)| 2 dAi + 



Al>l5l/2| 



|«(Ai)||«(e-Ai)|dAi 



□ 



Proof of Theorem 11.41 This theorem is an immediate consequence of 
Theorem 15.21 We begin by showing that Theorem 15.21 (ii) holds. We take 
4>{dx) = p(dx) = e> x \ I 2 dx and we set h(y,x) = h(x — y) = u\{x — y) where 
u l{y) = fi°Pt(y)dt. We have 

\h{\)\ = \u(X)\e- ReK(x \ 

To show that condition (i) of Lemma 15.11 holds we show that 



sup 

x,y 



u(y, z)h(z,x) du(z) < C / |z>(s)||u(s)| ds, 



(7.11) 
(7.12) 



u(y,z)i / u(z, w)h(w, x) d(j){w) I dv(z) 



< C / \v(s)\\u{s)\ds. 



and 



sup 

(7-13) 

When (|1.20p holds, it follows from (|7.4p that the right-hand side is finite. 
Therefore, replacing v in (|7.12p and ()7.13j) by u r — v r i, so that \v(s)\ is replaced 
by \e 

and the Dominated Convergence Theorem. 
To obtain (I7.12p we write 



" s -e ir ' s \ \u(s)\, we see that condition (i) of Lemma 15 . 1 1 follows from (17. 4h 



u(y, z)h(z, x) dv(z) 

u(z — y)h(x — z) dv(z) 
d^-y^uiX^-^h^) dX x dX 2 dv{z) 
z)(Ai - A 2 )e^ Al S(Ai)e" A2 / i (A 2 ) dX x dX 2 . 



(7.14) 



Hence 



sup 



u(y, z)h(z, x) dv(z) 



< I \0{s)\ [ I \u{s + X 2 )\\h(X 2 )\dX 2 ) ds. 

(7.15) 



We complete the proof of (|7.12p by showing that 

J \u(s + X)\\h(X)\dX < C\u(s)\. 

We have 



(7.16) 



\u(s + X)\\h(X)\dX = C 



-Ren(\) 



dX. 



\k(s + X)MX)\ 

Using the same inequalities used in the proof of Lemma 17.21 we see that 



(7.17) 



L 



-ReK(X) 



|a|<m/2 |k(s + A)||k(A)| 



dX < C, 



1 



-,—Re k(A) 



k{s)\ J \k{X)\ 



dX. 



(7.18) 



and 



p — ReK(X) i 

dX<C, 



x .. • \ 1 , , , ■ " ,,::X: dX. (7.19) 

|A|>H/2 |k(s + A)||k(A)| " \k(s)\J 

Using (fTTT6|> . <rn5|> and (17191) in (|7TT7) and then (fi~T9j) we get (|7TT6jh 

In a similar manner to how we obtained (17.150 by taking Fourier trans- 
forms, we see that 



sup 



u(y,z)[ / u(z,w)h(w,x) d(f)(w) \ du{z) 



< 



(7.20) 



|0(Ai - X 2 )\\h(X 2 )\ dX 2 |«(A 1 )||u(A 3 )||i>((A 1 + A 3 ))| dAi dX 3 



|0(Ai - X 2 )\\h(X 2 )\ dX 2 |2(Ai)||u(a - Ai)| dXt\v(s)\ ds. 



Clearly, since </> = e'^^dx, |0(A)| < C|«(A)|. Therefore, by (I7J61) 



\4>{X 1 -X 2 )\\h{X 2 )\dX 2 <C\u{X x )\. 



(7.21) 



Using this (fT20l) and Lemma Owe get (f7TT3l) . 

We now show that condition (ii) of Lemma 15.11 holds. We have already 
seen that v 6 7£ + . By Theorem 16.11 || • ||~2 is a proper norm for u, and it 



follows from (11.20P that {u x , x £ -R rf } C 7£|j^ a< Therefore it follows from 
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Theorem 12.11 that there exists a permanental field ift = {i/)(v x ),x 6 R d } with 
kernel u. To complete the proof of continuity part of Theorem 11.41 we need 
the following lemma which is proved below. 

Lemma 7.4 The permanental field {ip(is x ),x G R d ) is continuous on (R d , | • |) 
almost surely. Furthermore, for any compact set D 6 R d 



lim E 

6^0 



( 

sup 

i |as— »|<* 
\x,y&D 



0. (7.22) 



Proof of Theorem 11.4), continued We use (|7.22p and Remark 14.11 to see 
that condition (ii) of Lemma 15 . 1 1 holds with the metric d being the Euclidean 
metric on R d . Therefore, the conditions in Theorem 15.21 (ii) hold and since 
d is the Euclidean metric the condition in Theorem 15.21 (i) also holds. The 
continuity portion of Thereom 11.41 now follows from Theorem 15.21 

Proof of Lemma 17.41 This lemma follows easily from the proof of |15) Theo- 
rem 1.6] with the 7 of this theorem replacing the 7 in |15) Theorem 1.6]. The 
gist of the proof of [El Theorem 1.6] is that (I1.20P implies that for compact 
sets D of R d 

S J v.lMk 2 .AW=0, (7.23) 

where V = \v x ,x G D} and A is Lebesgue measure on R d . (See Section [3] for 
notation.) 

By Theorem 11.21 we get that ip(v x ) is continuous on (V, || • 1(7,2) almost 
surely and (|7.22p holds with \x — y\ replaced by \\u x — fy|| 7 ,2 and x,y £ D 
replaced by u x ,u y £ V. Since 



v 



x+h\\i,2 



C (J sin 2 ^mm? ddj V2 (7.24) 



N 1/2 

sin 2 ^(0\m\ 2 di 
we see that tp(v x ) is continuous on R d and we get (|7.22p as stated. □ 



Strengthening the hypotheses of Theorem 11.41 we get the simple estimate 
of 7(£) in the next lemma. 

Lemma 7.5 Under the hypotheses of Lemma \ 7. 2\ assume also that t is regu- 
larly varying at infinity with index greater than d/2 and less than d. Then 



7(e) - (7,25) 



for all |£| sufficiently large. 
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Proof By (J7ZD 

7(e) < C f % (7.26) 

jRd nlf -*/IMM) 



= C / + / + / .•• = / + // + HI. 

\J\v\<\t\/2 ■/[€|/2<|»?[<(3/2)|€| J\v\>3/2\£,\J 

In bounding (|7.26[) we can take r(|-|) to be increasing. Therefore for \rj\ < |£|/2, 
T (\£,~v\) — r (lC/2|) > cr(|£|) for some constant c and all |ry| sufficiently large. 
Consequently 

7 - J mm ^(MT - (7 ' 27) 

because r is regularly varying at infinity with index less than d. 

When \t)\ > 3|£|/2, t(|£ — ?y|) > t(|t//3|) > c'r(|?7|) for some constant d 
and all \rj\ sufficiently large. Therefore, 

TTT<r f \vt^n\ 

- 3 Wi/ 2 ^(MMM) - (7 ' 28) 

because r is regularly varying at infinity with index greater than d/2. Finally 
// < C 2 ^- [ J V (7.29) 

< c 2 — [ < c'l- 1 f 



T (\(,\) Jo<\ V \<3\t\ r(\v\) 7-(|C|) 7o<|r,|<3|?| T (\v\) 

^ (-illl l£l 

as in flZJZD . n 



Remark 7.3 We give some details on how the examples in Example 11.11 1. 
and 2. are obtained. 

1. It is easy to see that (jl.24j) follows from (jl.20j) and Lemma 17.51 

2. In this case the estimate in (|7.25p is not correct. To find a bound for 
7(£) we look at the proof of Lemma 17.51 with d = 2 and r as given in 
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(jl.25p . The bounds in III remains the same but the bounds in I and II 
are now 

6 T 2 (|£|) (7 - 30) 

for all |£| sufficiently large. Given this the rest of the argument is essen- 
tially the same as in 1. 

We take up the proof of the modulus of continuity assertion in Theorem 
11.41 in the next subsection. 

7.1 Moduli of continuity 

We begin with a modulus of continuity result for certain permanental pro- 
cesses, including the those considered in Theorem II. 4i 

Theorem 7.1 Let \^>{y\v £ V} be a permanental process with kernel u, 
where V = {v x -,x G R n } is a family of measures such that 

\Wx - v y \\ < g(\x - y\), (7.31) 

where || • || is a proper norm on V with respect to u, and g is a strictly increasing 
function. Let 

u(S) = g(5) log 1/5 + [ ^du, (7.32) 
Jo u 

and assume that the integral is finite. Then for each K > there exists a 
constant C such that 

limsup sup j-r < C a.s. (7.33) 

5^0 \x-y\<S W(o) 

x,y€l-K,K] n 

In particular if g is a regularly varying function at zero with index greater 
than zero, we can take 

cj(<5) = g(S) log 1/(5. (7.34) 

Proof This is proved in [17} Section 7.2] in a slightly different setting. For 
it to hold in our setting just change (log l/u) 1 / 2 in |17t (7.90)] to log 1/u and 
continue the proof with this change. This takes into account the fact that in 
(|3.2p we have a log rather than (log) 1 / 2 , which is what we have when dealing 
with Gaussian processes. n 
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Example 7.1 We consider Theorem 17. II in the case where u(x,y) = u(y — x) 
and the proper norm is || • || 7i 2- By (|6.2p 

K-f»|| 7) 2 <C (J \u x (X)-u y (X)\ 2 ^(X)dx\ ' (7.35) 



2 { x -y) X \s.rx\\2,^, x Y /2 



< C (J sin 2 n-^l^A)^ 7 (A) dA 

< C<p(\x-y\), 

where (p is given in (ll.23p . Note that if (ll.20p holds then J (ip(u)/u) du < oo. 
Therefore, if (|1.20p holds, the results in (|7.33p - (|7.34p hold with g replaced by 
ip. 

Proof of Theorem [TT4l modulus of continuity This follows from Theorem 
17. H Example 17.11 and the second isomorphism theorem, Theorem 14.21 as m 
the proof of a similar result in[TBJ Section 7]. Note that the requirement that 
U x n < oo in pH Theorem 2.2] follows from (TOO]) . (TT^jl and ([72|). n 



Remark 7.4 The results in Example 11.11 3 and 4 come from (I7.35P and an 
estimate of tp as given in (|1.23|) . 
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